Abstract. The generalized p-trigonometric and (p, q)-trigonometric functions were introduced by P. Lindqvist and S. Takeuchi, respectively. We prove some inequalities and present a few conjectures for the (p, q)-functions.
Introduction
During the past decade, many authors have studied the generalized trigonometric functions introduced by P. Lindqvist in a highly cited paper [L] . These so called p-trigonometric functions p > 1, which agree for p = 2 with the familiar functions, have also been extended in various directions. The recent literature on these functions includes several dozens of papers, see the bibliographies of [BEM, DM, LE] . Most recently, S. Takeuchi [T] has taken one step further and investigated the (p, q)-trigonometric functions depending on two parameters instead of one, and which for p = q reduce to the p-functions of Lindqvist. See also D. E. Edmunds, P. Gurka and J. Lang [EGL] . P. Drábek and R. Manásevich [DM] considered the following (p, q)-eigenvalue problem with Dirichlét boundary condition. Let φ p (x) = |x| p−2 x. For T, λ > 0 and p, q > 1 (φ p (u ′ )) ′ + λ φ q (u) = 0, t ∈ (0, T ), u(0) = u(T ) = 0.
They found the complete solution to this problem. This solution is also given in [T, Thm 2.1] . In particular, for T = π p,q the function u(t) ≡ sin p,q (t) is a solution to this problem with λ = p q (p − 1) where
Next, we will give an alternative equivalent definition of the function sin p,q , which is carried out in two steps: in the first step we define the inverse function of sin p,q , File: gentri111202.tex, printed: 2011-12-5, 2.12 1 denoted by arcsin p,q , and in the second step the function itself. For x ∈ [0, 1], set
is an increasing homeomorphism, denoted by arcsin p,q , and therefore its inverse
Below we discuss also other related functions such as arccos p,q , and arsinh p,q . For the expression of the function arcsin p,q in terms of well-known special functions we introduce some notation. The Gaussian hypergeometric function is the analytic continuation to the slit plane C \ [1, ∞) of the series
for given complex numbers a, b and c with c = 0, −1, −2, . . . . Here (a, 0) = 1 for a = 0, and (a, n) is the shifted factorial function or the Appell symbol
for n ∈ Z + . The hypergeometric function has numerous special functions as its special or limiting cases, see [AS] .
For Re x > 0, Re y > 0, we define the classical gamma function Γ(x), the psi function ψ(x) and the beta function B(x, y) by
respectively. For x ∈ I = [0, 1] the function arcsin p,q considered above can be expressed in terms of the hypergeometric function as follows
We also define arccos p,q x = arcsin p,q ((1 − x p ) 1/q ) (see [EGL, Prop. 3 .1]), and
Their inverse functions are
When p = q these (p, q)-functions coincide with the p-functions studied in the extensive earlier literature such as in [BEM, DM, LE, BV] , and for p = q = 2 they coincide with familiar elementary functions.
The main result of this paper is the following theorem which refines our earlier results in [BV] .
1.1. Theorem. For p, q > 1 and x ∈ (0, 1), we have
where
The area enclosed by the so-called p-circle
is π p,p ′ , see [LP] . In particular, π 2,2 = π = 3.14 . . . .
Some relations for (p, q)-functions
In this section we shall prove some inequalities for the functions defined in Section 1.
2.1. Lemma. Fix p, q > 1 and x ∈ (0, 1).
(1) The functions
are decreasing and increasing, respectively in k ∈ (0, ∞).
We get
If g is increasing, then
Thus f ′ ≤ 0 under these assumptions. For the case of arcsin p,q , let g(t) = (1 − t q ) −1/p , so the conditions are clearly satisfied. Next, for arsinh p,q , we set g(t) = (1 + t q ) −1/p and note that g(t) ≤ 1 for all t > 0 and that g is decreasing and thus conclude that f ′ ≥ 0, and the claims in (1) follow. For (2), let
and this completes the proof.
2.2. Theorem. For p, q > 1 and r, s ∈ (0, 1), the following inequalities hold:
where y = e x and the function is evaluated at
Then f ′ = g and f ′′ = g ′ . Then one easily checks that h is convex in case g(t) is (1 − t p ) −1/q , and concave for g(t) equal to (1 + t p ) −1/q . Now the proof follows easily from Lemma 2.1.
2.3. Lemma. [KMSV, Thm 1.7] Let f : R + → R + be a differentiable function and for c = 0 define
) is a convex function, then g(x) is monotone increasing for c, x ∈ (0, 1) and monotone decreasing for c > 1, x ∈ (0, 1) or c < 0, x ∈ (0, 1),
is monotone increasing for c > 1, x ∈ (0, 1) or c < 0, x ∈ (0, 1) and monotone decreasing for c, x ∈ (0, 1).
We get the following lemma by the proof of Theorem 2.2 and applying Lemma 2.3.
2.4. Lemma. Let I = (0, 1). For p, q > 1 the function
The both inequalities reverse for k ∈ R \ [0, 1].
2.5. Lemma. [N2, Thm 2.1] Let f : R + → R + be a differentiable, log-convex function and let a ≥ 1. Then g(x) = (f (x)) a /f (a x) decreases on its domain. In particular, if 0 ≤ x ≤ y , then the following inequalities
hold true. If 0 < a ≤ 1, then the function g is an increasing function on R + and inequalities are reversed.
2.6. Lemma. For k, p, q > 1 and r, s ∈ (0, 1) with r ≥ s, we have
Proof. For x > 0, the following functions
are log-convex by the proof of Theorem 2.2. With the change of variables e −x = r the inequalities follow from Lemma 2.5. 2.7. Lemma. [Ku, Thm 2, p.151] Let J ⊂ R be an open interval, and let f : J → R be strictly monotonic function. Let f −1 : f (J) → J be the inverse to f then
(1) if f is convex and increasing, then f −1 is concave, (2) if f is convex and decreasing, then f −1 is convex, (3) if f is concave and increasing, then f −1 is convex, (4) if f is concave and decreasing, then f −1 is concave.
2.8. Lemma. For k, p, q > 1 and r ≥ s, we have
, r, s ∈ (0, 1),
, r, s ∈ (0, 1) , inequalities reverse for k ∈ (0, 1).
Proof. It is clear from the proof of Theorem 2.2 that the functions
f (x) = log(arcsin p,q (e −x )), h(x) = log(1/arsinh p,q (e x )) are convex and decreasing. Then Lemma 2.7(2) implies that f −1 (y) = log(1/ sin p,q (e y )), h −1 (y) = log(sinh p,q (e −y )), are convex, now the result follows from Lemma 2.5.
Let f : I → (0, ∞) be continuous, where I is a subinterval of (0, ∞). Let M and N be any two mean values. We say that f is MN-convex (concave) if
For some properties of these functions, see [AVV2] . If A(x, y) = (x + y)/2 is the arithmetic mean, then we see that convex functions are AA-convex. Proof. Let f (x) = arcsin p,q x and g(x) = arsinh p,q x . Then
−1/p are increasing and decreasing, respectively. This implies that f and g are convex and concave. Now it follows from Lemma 2.7(1),(3) that f −1 and g −1 are concave and convex, respectively. The proof follows from Lemma 2.9.
For the following inequalities see [B, Corollary 1.26] and [AVV2, Corollary 1.10]: for all x, y ∈ (0, ∞),
with equality if and only if x = y. On the basis of our computer experiments we have arrived at the following conjecture.
2.11. Conjecture. For p, q ∈ (1, ∞) and r, s ∈ (0, 1), we have
Edmunds, Gurka and Lang [EGL, Prop. 3.4] proved that for x ∈ [0, π 4/3,4 /4) sin 4/3,4 (2x) = 2uv
(1 + 4u 4 v 4/3 ) 1/2 , u = sin 4/3,4 (x), v = cos 4/3,4 (x) .
It seems to be a natural question to ask whether the addition formulas for the trigonometric functions have counterparts for the (p, q)-functions. Our next results gives a subadditive inequality.
2.12. Lemma. For p, q > 1, the following inequalities hold
which is increasing, hence f is convex. Clearly, f is increasing. Therefore
is concave by Lemma 2.7(1). This implies that f ′ 1 is decreasing. Clearly f 1 (0) = 0, and by [AVV1, Thm 1.25], f 1 (y)/y is decreasing. Now it follows from [AVV1, Lem
and (1) follows. The proofs of part (2) follows similarly.
For p, q > 1, x ∈ (0, 1) and z ∈ (0, π p,q /2), it follows from Theorem 1.1 that arsinh p,q x < arcsin p,q x, sin p,q z < sinh p,q z .
2.13. Lemma. For p, q > 1, s ∈ (0, r] and r ∈ (0, 1), we have
Proof. By definition we get arcsin p,q s arcsin p,q r = s r F (1/p, 1/q; 1 + 1/q; s q ) F (1/p, 1/q; 1 + 1/q; r q ) ≤ s r .
Similarly, 3.1. Lemma.
(1) For a, b, c > 0, c < a + b, and |x| < 1,
(2) For a, x ∈ (0, 1), and b, c ∈ (0, ∞) 
(5) For a, b > 0, the following function
is strictly increasing from (0, 1) onto (a b/(a + b), 1/B(a, b)).
We will refer in our proofs to the following identity [AS, 15.3.5] :
3.3. Lemma. [C, Thm 2] For 0 < a < c, −∞ < x < 1 and 0 < b < c, the following inequality holds Proof of Theorem 1.1. For (1), we get from Lemma 3.1 (3),(2)
The second inequality of (1) follows easily from Lemmas 3.3 and 3.1(4). For (2), if we replace b = 1/q, c − a = 1/q, c = 1 + 1/q and x q = z/(1 − z) in (3.2) then we get
now the proof follows easily form Lemma 3.3.
For the following Lemma see [A, Ka, Ke] , [KV, Thm 1] , [W] , respectively.
3.4. Lemma. The following relations hold,
Proof of Theorem 1.2. If we let x = 1 − 1/p and s = 1/q, then by definition
By Lemma 3.4(4) we get Γ(1/2 + x) , and the lower bound follows from Lemma 3.4(2), and the upper bound follows if we replace b = x + 1 and a = x + s with s = 1/2 in 3.4(3).
3.5. Remark.
For the benefit of an interested reader we give an algorithm for the numerical computation of sin p,q with the help of Mathematica R [Ru] . The same method also applies to sinh p,q . In the following tables we use the values of p = 2.5 and q = 3. 
